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Abstract
We show that the one-dimensional extended Hubbard model has saturated ferro-
magnetic ground states with the spin-triplet electron pair condensation in a certain
range of parameters. The ground state wave functions with fixed electron numbers
are explicitly obtained. We also construct two ground states in which both the spin-
rotation and the gauge symmetries are broken, and show that these states are trans-
ferred from one to the other by applying the edge operators. The edge operators are
reduced to the Majorana fermions in a special case. These symmetry breaking ground
states are shown to be stabilized by a superconducting mean field Hamiltonian which
is related to the Kitaev chain with the charge-charge interaction.
1akinori@ariake-nct.ac.jp
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1 Introduction
The extended Hubbard model has been studied extensively to understand phenomena such as
charge density wave, spin density wave and unconventional superconductivity which can not
be described by the Hubbard model consisting of the electron hopping term and the on-site
interaction term [1, 2, 3]. The Hamiltonian of the model is obtained by adding interaction
terms of electrons on different sites to the Hubbard Hamiltonian. In the case where the
added interaction together with the on-site one is dominant and is known to induce a certain
ordering state with an energy gap, the model is well understood by considering the electron
hopping as a perturbation. On the other hand, in order to understand phenomena which
do not arise directly from interactions, we have to face the difficult problem of analyzing
the interplay between the electron hopping and some interactions in a convincing way. The
unconventional superconductivity corresponds to such a case.
Here we restrict ourselves to the one-dimensional extended Hubbard model with nearest
neighbour interactions. Despite the difficulty in analyzing correlated electron systems, there
are a few rigorous results associated with superconductivity in this case. Most of these results
are obtained through the Bethe ansatz method, and the superconducting ground states so
far obtained are related to spin-singlet electron pair condensation [4, 5, 6]. In this paper we
provide another rigorous result for the model. By using a similar method in Ref. [7], we will
show that the model exhibits saturated ferromagnetic, spin-triplet electron pair condensation
in the ground state over a certain range of interaction parameters.
It is worth noting that in the last decade the Majorana edge state formed on a spinless
superconducting wire has attracted much interest both theoretically and experimentally [8, 9,
10, 11, 12, 13, 14]. Our model exhibits saturated ferromagnetism where the electrons behave
as spinless fermions. We show that a similar edge state is formed in the gauge symmetry
breaking ground state of our model.
This paper is organized as follows. In Section 2, we give the definition and state the
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main result. Section 3 is devoted to the proof of the main result. In Section 4, we introduce
two ground states with broken spin-rotation and gauge symmetries, and show that these
ground states exhibit similar properties to those of the spinless superconducting wire in the
topological phase. In Section 5, we consider mean fields which stabilize the ground states
introduced in the previous section. In Section 6, we investigate the properties of the ground
state with the fixed number of electrons. In Section 7, we extend the model to the case of
the anisotropic spin-spin interaction. Finally, in Section 8, we provide conclusions.
2 Definition of the model and the main result
We consider a one-dimensional array of L sites, which are labeled as 1, 2, . . . , L. We write Λ
for the set of numbers 1, 2, . . . , L and identify Λ with the array of L sites. We also write Λ¯
for Λ\{L}. In this paper L is assumed to be an odd integer with L ≥ 3. This condition is
adopted only for simplicity, and similar results for even L are obtained with minor changes.
Let cx,σ(c
†
x,σ) be the annihilation(creation) operator of an electron at site x ∈ Λ and with
spin σ =↑, ↓. They satisfy the anticommutation relations,
{cx,σ, cy,τ} = {c†x,σ, c†y,τ} = 0 (1)
and
{c†x,σ, cy,τ} = δx,yδσ,τ (2)
for any sites x, y and any σ, τ =↑, ↓. For each site x, we define the number operators
nx,σ = c
†
x,σcx,σ and nx = nx,↑ + nx,↓, and the spin operators S
(l)
x =
1
2
∑
σ,τ
c†x,σp
(l)
σ,τcx,τ with
l = 1, 2, 3, where p
(l)
σ,τ are the elements of the Pauli matrices
p(1) =
(
0 1
1 0
)
, p(2) =
(
0 −i
i 0
)
, p(3) =
(
1 0
0 −1
)
. (3)
For each nearest neighbour pair of sites x and x+ 1, we define local Hamiltonian Hx by
Hx = Ht,x +HU,x +HV,x +HJ,x +HX,x (4)
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where
Ht,x = −t
∑
σ=↑,↓
(c†x,σcx+1,σ + c
†
x+1,σcx,σ)− µxnx − µx+1nx+1, (5)
HU,x = U(nx,↑nx,↓ + nx+1,↑nx+1,↓), (6)
HV,x = −V nxnx+1, (7)
HJ,x = J
(nxnx+1
4
− Sx · Sx+1
)
, (8)
HX,x =
∑
σ=↑,↓
(Xxnx,−σ +Xx+1nx+1,−σ)(c
†
x,σcx+1,σ + c
†
x+1,σcx,σ). (9)
The term Ht,x represents electron hopping, and HU,x, HV,x, HJ,x and HX,x represent electron-
electron interactions, usually referred to as the on-site, the charge-charge, the spin-spin and
the bond-charge interactions, respectively. In this paper, we assume 0 < 2t ≤ V and define
parameter δ ranging from 0 to π/2 by
sin δ =
2t
V
. (10)
We then consider the Hamiltonian given by
H =
∑
x∈Λ¯
Hx (11)
on Λ with open boundary conditions.
Before stating our main result, we have to introduce some more notations. Let us define
a˜ operators by
a˜x,σ =


1
sin δ
(
x∑
y=1
wycy,σ −
L∑
y=x+1
wycy,σ
)
if x ∈ Λ¯;
1
sin δ
L∑
y=1
wycy,σ if x = L
(12)
where
wx =
{
sin(δ/2) if x is odd;
cos(δ/2) otherwise.
(13)
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By using the a˜ operators, we define pair operators ζ†σ,τ with σ, τ =↑, ↓ by
ζ†σ,τ =
∑
x,y∈Λ
Fx,ya˜
†
x,σa˜
†
y,τ , (14)
where Fx,y is given by
Fx,y =


−1
2
sin δ if y − x = 1;
−1
2
sin δ if x = 1, y = L;
1
2
sin δ if x− y = 1;
1
2
sin δ if x = L, y = 1;
0 otherwise.
(15)
It is noted that Fx,y = −Fy,x.
We denote by Φ0 the state with no electrons on Λ. The total number of electrons on Λ
is denoted by Ne. We assume 0 ≤ Ne ≤ L and define the number Np of electron pairs by
Np =


Ne
2
for even Ne;
Ne−1
2
for odd Ne.
(16)
With the values of the parameters given by
U0 = V sin
2 δ =
4t2
V
, (17)
J0 = V (2− sin2 δ) = 2V − 4t
2
V
, (18)
X0 =
V
2
sin δ cos δ = t
√
1−
(
2t
V
)2
, (19)
our main result is summarized as follows:
Proposition 2.1 Suppose that both U > U0 and J ≥ J0 are satisfied. Then, the ground
state energy of H with
Xx = (−1)x+1X0 (20)
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and
µx = −V
2
{1− (−1)x cos δ} (21)
is zero for 0 ≤ Ne ≤ L. For fixed Ne, the ground state is unique apart from the degeneracy
due to the spin-rotation symmetry, and is given by
ΦG =


(
ζ†↑,↑
)Np
Φ0 for even Ne
a˜†L,↑
(
ζ†↑,↑
)Np
Φ0 for odd Ne
(22)
and its SU(2) rotations.
The parameters in the Hamiltonian H must satisfy several conditions so that ΦG can
become the ground state of H . Here we briefly comment on the physical feasibility of
these conditions. Firstly we need sufficiently large on-site repulsion and nearest neighbour
ferromagnetic interaction. These are necessary mainly to stabilize the ferromagnetic state.
(Note that the Hamiltonian H is proved to exhibit metallic ferromagnetism for J > 0 in
the limit U → ∞ [15].) Ferromagnetic materials are expected to satisfy these conditions.
As for the nearest neighbour charge-charge interaction, it must be attractive. Although
the charge-charge interaction arising directly from the Coulomb interaction is repulsive, it
may become an effective attractive interaction such as a phonon-mediated interaction. The
strength V of the charge-charge interaction also needs to be 2t ≤ V . This condition will hold
in systems with narrow conduction bands. We furthermore need to fine-tune µx and Xx.
Note, however, that the anisotropic spin-spin interaction removes the condition on Xx (see
Proposition 7.1). Although it will be difficult to fine-tune µx and Xx, the ground state ΦG or
a state which has a large overlap with ΦG may be realized in one-dimensional ferromagnetic
materials with narrow conduction bands if an effective attraction between electrons can be
generated in the system. See also Section 5 where we treat the superconducting paring field.
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3 Proof
Proof of Proposition 2.1. In the following, we assume that the conditions (20) and (21) are
satisfied. We also assume that the electron number Ne is fixed.
Firstly we shall show that the Hamiltonian H can be expressed as a sum of positive
semi-definite operators. We define a operators by
ax,σ = wx+1cx,σ − wxcx+1,σ (23)
for x ∈ Λ¯ and
aL,σ = w2c1,σ + wL−1cL,σ. (24)
We also define b operators by
bx,σ = wxcx,σ + wx+1cx+1,σ (25)
for x ∈ Λ¯ and
bL,σ = −w1c1,σ + wLcL,σ. (26)
By using the a operators and the b operators we define
H0,x = V
(
a†x,↑bx,↑ + a
†
x,↓bx,↓
)(
b†x,↑ax,↑ + b
†
x,↓ax,↓
)
. (27)
It is noted that Hx,0 is positive semi-definite. Then, after a lengthy but straightforward
calculation, one finds that Hx is rewritten as
Hx = H0,x +HU ′,x +HJ ′,x +HW,x, (28)
where HU ′,x and HJ ′,x are, respectively, defined by (6) and (8) with U and J replaced by
U ′ = U − U0 and J ′ = J − J0, and HW,x is defined by
HW,x = W (c
†
x,↑c
†
x,↓ + c
†
x+1,↑c
†
x+1,↓)(cx,↓cx,↑ + cx+1,↓cx+1,↑) (29)
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with W = U0/2. For U ≥ U0 and J ≥ J0, all the terms in the right hand side of (28) are
positive semi-definite. This proves that H is the sum of the positive semi-definite operators
for U > U0, J ≥ J0. Therefore, a zero energy state of H , if it exists, is a ground state.
Let us next show that ΦG is a zero energy state of all the terms in (28) for any x ∈ Λ¯.
Note that the a˜ operators form a basis for fermion operators on Λ, since {a˜†x,σ, ay,σ} =
δx,y for x, y ∈ Λ by our definition. So we expand bx,σ with x ∈ Λ in terms of a˜x,σ as
bx,σ =
∑
y∈Λ{a†y,σ, bx,σ}a˜y,σ. It is easy to see that {a†y,σ, bx,σ} = Fy,x, which gives us
bx,σ =
∑
y∈Λ
Fy,xa˜y,σ. (30)
From this expression of the b operators we obtain
ax,↑
(∑
y,z∈Λ
Fy,za˜
†
y,↑a˜
†
z,↑
)
=
(∑
z∈Λ
Fx,za˜
†
z,↑ −
∑
y,z∈Λ
Fy,za˜
†
y,↑ax,σa˜
†
z,↑
)
=
{
−b†x,↑ −
∑
y∈Λ
Fy,xa˜
†
y,↑ +
(∑
y,z∈Λ
Fy,za˜
†
y,↑a˜
†
z,↑
)
ax,↑
}
=
{
−2b†x,↑ +
(∑
y,z∈Λ
Fy,za˜
†
y,↑a˜
†
z,↑
)
ax,↑
}
. (31)
Since (b†x,↑)
2 = 0, (31) implies that ζ†↑,↑ commutes with (b
†
x,↑ax,↑ + b
†
x,↓ax,↓) for x ∈ Λ¯. The
creation operator a˜†L,↑ anticommutes with ax,↑, i.e, it also commutes with (b
†
x,↑ax,↑+ b
†
x,↓ax,↓)
for x ∈ Λ¯. Therefore, we have H0,xΦG = 0. This together with the fact that there is no
creation operator with the ↓-spin in ΦG leads to HxΦG = 0 for any x ∈ Λ¯. This proves that
ΦG is a zero energy state of H . From the c operator representation of ΦG (see Appendix A),
we find that the ground state is not the null state.
Finally we shall show the uniqueness of the zero energy state.
Let M be the eigenvalue of the third component of the total spin. Since the Hamiltonian
H has the spin-rotation symmetry, it is convenient to decompose the Hilbert space H of
states into the subspaces HM each of which has the fixed eigenvalue M . Let ΦM be a lowest-
energy state in HM . Since the representative of ΦG in HM is also a zero energy state of
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H , the lowest energy in HM is guaranteed to be zero. This implies that ΦM must satisfy
HxΦM = 0 for x ∈ Λ¯. In particular, for U > U0, cx,↓cx,↑ΦM must be zero for any x ∈ Λ. Now
we represent ΦM by using the c operators. As mentioned above, since each site is forbidden
to be doubly occupied by electrons in ΦM , it can be expanded in terms of normalized basis
states in the form (∏
x∈A
c†x,σx
)
Φ0, (32)
where A is a subset of Λ with |A| = Ne, σx =↑, ↓, and
∑
x∈A σx = M . In the product, the c
operators are ordered in such a way that the site indexes x increase from left to right.
Let us consider the matrix representation H of the Hamiltonian H with respect to the
basis states in the form (32). We assume that the basis states are ordered in an arbitrary
manner and denote by Hi,j the matrix element corresponding to i-th and j-th basis states.
Then one easily finds that any non-zero off-diagonal matrix element is −t or −J/2, which
is negative. It is also easy to see that for any i, j there is a sequence i1, i2, . . . , ik such that
Hi,i1Hi1,i2 . . .Hik,j 6= 0. Therefore it follows from the Perron-Frobenius theorem that the
lowest energy state of H is unique [15], which implies that the lowest energy state of H in
HM is also unique and is given by the representative of ΦG in HM . This completes the proof
of Proposition 2.1.
Before ending this section, we make a remark on the related exact results of the extended
Hubbard model. In the above proof we have rewritten the Hamiltonian as a sum of the
positive semi-definite operators, and then have shown that the ground state attains the
lowest eigenvalue, zero, of these operators. This strategy was used in Ref. [16] to determine
a parameter range for which the extended Hubbard model has the ferromagnetic ground
states at half-filling (where the number of electrons is equal to that of sites). Our result
corresponds to an extension of Ref. [16] to the case away from half-filling. Note, however,
that our method for the construction of the exact ground state away from half-filling is quite
different from that at half-filling.
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4 Ground states with broken spin-rotation and gauge
symmetries
In this section, we assume that the parameters U, J,Xx and µx satisfy the conditions in
Proposition 2.1, and hence the ground states of H with the fixed electron number are given
by (22) and its SU(2) rotations. Since the ground states are saturated ferromagnetic, we
furthermore assume that the third component of the total spin is fixed to Ne/2. In the
following, since all the electrons are assumed to have the ↑-spin, we omit the spin indexes in
the fermion operators for notational simplicity.
The spin-triplet electron pairing ground state of H is regarded as the pairing state of
spinless fermions. The ground state of our model is thus expected to have some similar
aspects to that of the Kitaev chain model in which there appears the Majorana edge state
at the ends of the chain. We will show that it is the case.
Let us define the zero energy ground states with the broken gauge symmetry
ΦG,0 = exp
(
−η
2
e−iθζ†
)
Φ0 (33)
and
ΦG,1 =
√
2η sin δ a˜†L exp
(
−η
2
e−iθζ†
)
Φ0 =
√
2η sin δ a˜†LΦG,0, (34)
where η is a positive parameter and θ is a phase parameter (note that ζ† = ζ†↑,↑). The
state ΦG,0(ΦG,1) is a superposition of the zero energy states of H with even(odd) numbers
of electrons. The states ΦG,0 and ΦG,1 have the different fermionic parities, and, as we shall
see in the next section, these states are stabilized by superconducting pairing fields.
As usual, let us define the Majorana fermion operators
γA,x = e
i θ
2 cx + e
−i θ
2 c†x, (35)
γB,x = −iei θ2 cx + ie−i θ2 c†x, (36)
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which satisfy γ†α,x = γα,x and {γα,x, γβ,y} = 2δα,βδx,y for any α, β ∈ {A,B} and x, y ∈ Λ. By
using γα,1 and γα,L with α = A,B, we introduce new edge operators as
Γ1 =
1√
2η sin δ
{(w2 + ηw1) γA,1 + i (w2 − ηw1) γB,1} , (37)
ΓL =
1√
2η sin δ
{(w2 + ηw1) γB,L − i (w2 − ηw1) γA,L} . (38)
(Recall that w1 = sin(δ/2) and w2 = cos(δ/2).) The edge operators Γ1 and ΓL are rewritten
as
Γ1 =
√
2
η sin δ
(
w2e
i θ
2 c1 + ηw1e
−i θ
2 c†1
)
(39)
ΓL = i
√
2
η sin δ
(
−w2ei θ2 cL + ηw1e−i θ2 c†L
)
(40)
with the c operators. Then, we find that
Γ1ΦG,0 = −iΓLΦG,0 = e−i θ2ΦG,1, (41)
Γ1ΦG,1 = iΓLΦG,1 = e
i θ
2ΦG,0. (42)
Furthermore, from the above relations, we obtain
− iΓ1ΓLΦG,0 = ΦG,0, (43)
−iΓ1ΓLΦG,1 = −ΦG,1. (44)
The relations (41) and (42) are obtained as follows. For x ∈ Λ we have from (31) that
ei
θ
2ax
(
−η
2
e−iθζ†
)n
Φ0 = ηe
−i θ
2 b†xn
(
−η
2
e−iθζ†
)n−1
Φ0, (45)
which yields
ei
θ
2axΦG,0 = ηe
−i θ
2 b†xΦG,0. (46)
Here we used b†x
(
ζ†
)L−1
2 Φ0 = 0 [17]. By (46), we also have
ei
θ
2axΦG,1 = e
i θ
2ax
(√
2η sin δ a˜†LΦG,0
)
= ηe−i
θ
2 b†xΦG,1 + δx,L
√
2η sin δ ei
θ
2ΦG,0. (47)
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By representing (46) and (47) with the c operators and setting x = L, one finds{
w2e
i θ
2 (c1 + cL) + ηw1e
−i θ
2
(
c†1 − c†L
)}
ΦG,l = δl,1
√
2η sin δ ei
θ
2ΦG,0 (48)
with l = 0, 1. On the other hand, (46) and (47) combined with∑
x∈Λ¯
b†x = −w1c†1 − w1c†L + 2 sin δa˜†L (49)
∑
x∈Λ¯
ax = w2c1 − w2cL, (50)
which follow from the definition, yield{
w2e
i θ
2 (c1 − cL) + ηw1e−i θ2
(
c†1 + c
†
L
)}
ΦG,l = δl,0
√
2η sin δe−i
θ
2ΦG,1 (51)
with l = 0, 1. From (48) and (51) we obtain (41), and (42).
It is noted that in the case η = w2/w1 = 1/ tan(δ/2) we have Γ1 = γA,1 and ΓL = γB,L
which are the Majorana fermion operators. In this case, we can reconstruct the edge fermion
operator by combining γA,1 and γB,L as
dedge =
1
2
e−i
θ
2 (γA,1 + iγB,L) . (52)
The fermion operator dedge satisfies {dedge, dedge} = {d†edge, d†edge} = 0 and {d†edge, dedge} = 1.
From (41) and (42) we also have
d†edgeΦG,0 = ΦG,1, (53)
dedgeΦG,1 = ΦG,0. (54)
The above relations yield nedgeΦG,1 = ΦG,1 and nedgeΦG,0 = 0 with nedge = d
†
edgededge, which
imply that the Majorana edge state is formed at the ends of the chain.
5 Mean field Hamiltonian
In this section we consider external fields (or mean fields) which remove the ground state
degeneracy and select ΦG,0 and ΦG,1 as the two ground states.
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It is well known that the external magnetic field can remove the degeneracy due to the
spin-rotation symmetry. So we assume that the system is in a magnetic field, and fix the
third component of the total spin to Ne/2. (As in the previous section, the spin indexes are
omitted in this and the next sections under this assumption. )
In order to remove the degeneracy due to the electron pair condensation, we shall consider
the Hamiltonian which does not conserve the electron number. More precisely, we will
introduce Hamiltonian H ′ of spinless fermions with superconducting pairing field, and show
that the ground states of H +H ′ are given by ΦG,0 and ΦG,1.
Let us define
H ′ =
∑
x∈Λ¯
H ′x, (55)
H ′x =
|∆|
η
(e−i
θ
2a†x − ηei
θ
2 bx)(α + (1− α)axa†x)(ei
θ
2ax − ηe−i θ2 b†x), (56)
where α and |∆| are non-negative parameters. As we will see below, ∆ = |∆|eiθ corresponds
to the superconducting pairing field. Since {a†x, ax} = 1 for x ∈ Λ¯, we have
H ′x =
|∆|
η
(e−i
θ
2a†x − ηei
θ
2 bx)(1− (1− α)a†xax)(ei
θ
2ax − ηe−i θ2 b†x), (57)
and hence H ′x is a positive semi-definite operator for α ≥ 0. From (46) and (47) we find that
ΦG,0 and ΦG,1 are zero energy states of H
′
x for x ∈ Λ¯. Therefore ΦG,0 and ΦG,1 are ground
states of H +H ′. It is easy to see that there is no other ground state. The Hamiltonian H ′
removes the ground state degeneracy of H and stabilizes the states ΦG,0 and ΦG,1.
After some lengthy but straightforward calculations, H ′ is rewritten as
H ′ = −s
∑
x∈Λ¯
(c†xcx+1 + c
†
x+1cx)−
∑
x∈Λ¯
(νxc
†
xcx + νx+1c
†
x+1cx+1)
−V ′
∑
x∈Λ¯
c†xcxc
†
x+1cx+1 +
∑
x∈Λ¯
(∆cxcx+1 +∆
∗c†x+1c
†
x) + η|∆|(L− 1) (58)
with
s =
|∆|
2η
(1 + αη2) sin δ, (59)
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νx = −|∆|
2η
{
(1 + αη2 − 2η2)− (−1)x(1 + αη2) cos δ} , (60)
V ′ = (α− 1)η|∆|. (61)
From the above representation of H ′, one immediately realizes that ∆ corresponds to the
superconducting pairing field, which may be induced from a nearby superconductor. This
field term essentially removes the degeneracy. It is noted that, in the case where δ = π/2,
η = 1 and α = 1, H ′ is reduced to the Hamiltonian of the Kitaev chain of the spinless
fermions in the topological phase. Thus our model can be also regarded as an extension of
the Kitaev chain to the spinful system with the electron-electron interactions.
6 Electron number conserving case
In the previous two sections we considered the case where the number of electrons is not
conserved. From the expressions (33) and (34) of the symmetry breaking ground states, one
finds that the edge state is closely related to the zero energy mode corresponding to a˜†L.
Indeed, we have shown that the occupation of a˜†L by an electron is reflected as an eigenvalue
of the number operator nedge of the edge fermion operator.
For the fixed electron number, the ground state ΦG can not be the eigenstate of nedge,
since we have
nedge =
1
2
(1 + iγA,1γB,L) (62)
with
iγA,1γB,L = e
iθc1cL + e
−iθc†Lc
†
1 + c
†
1cL + c
†
Lc1. (63)
Instead, we can expect that there is a difference between the expectation values of nedge for
ΦG with Ne even and odd.
Let 〈· · ·〉0 and 〈· · ·〉1 be the expectation values 〈ΦG, · · ·ΦG〉/〈ΦG,ΦG〉 for ΦG with Ne even
and odd, respectively. We will estimate 〈nedge〉0 and 〈nedge〉1. Clearly, we have 〈c1cL〉l =
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〈c†Lc†1〉l = 0 and 〈c†1cL〉l = 〈c†Lc1〉l with l = 0, 1. Let us consider 〈c†1cL〉l. By using the c
operator representation of ΦG (see Appendix A), we obtain
〈c†1cL〉l = (−1)l+1 sin2
(
δ
2
)∑
A⊂Λ;|A|=Ne−1
χ[1, L /∈ A] WA∑
A⊂Λ;|A|=Ne
WA
. (64)
where WA =
∏
x∈A w
2
x, and χ[E] takes the value 1 if E is true and 0 otherwise. Since we
have
∑
A⊂Λ;|A|=Ne
WA ≤ L(L− 1)
Ne(L−Ne) cos
2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−1
χ[1, L /∈ A]WA (65)
(see Appendix B), |〈c†1cL〉l| is bounded from below as
|〈c†1cL〉l| ≥ tan2
(
δ
2
)
ρ(1 − ρ) (66)
with ρ = Ne/L. Therefore, we obtain
〈nedge〉0 ≤ 1
2
− tan2
(
δ
2
)
ρ(1− ρ) (67)
〈nedge〉1 ≥ 1
2
+ tan2
(
δ
2
)
ρ(1− ρ). (68)
The inequalities obtained above show that the ground state expectation value of the
occupation number nedge corresponding to the edge fermion reconstructed by the Majorana
fermions depends on the fermionic parity, regardless of the chain length L. Let Ne be even.
Since we have ρ = Ne/L ≈ (Ne+1)/L ≈ (Ne−1)/L for sufficiently large L, these inequalities
imply that the expectation value of nedge for Ne decreases by at least 2 tan
2(δ/2)ρ(1 − ρ)
compared with that for Ne − 1, while the expectation value of nedge for Ne + 1 increases by
at least 2 tan2(δ/2)ρ(1 − ρ) compared with that for Ne. This behavior in the edge fermion
number indicates the formation of an edge state in the electron number conserving setting.
In the following, we propose a concrete example of a system having the two-fold degenerate
ground states each of which is characterized by a zero energy mode related to the Majorana
edge state. Very recently, a similar model has been investigated in Refs. [18] and [19].
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Firstly we prepare a copy of H . The operators in the copied system are denoted by the
underline as cx. We then consider the Hamiltonian H +H +Hǫ on the two chains, where
Hǫ = ǫ
{∑
σ=↑,↓
(a†1,σb1,σ + a
†
1,σb1,σ)
}{∑
σ=↑,↓
(b†1,σa1,σ + b
†
1,σa1,σ)
}
(69)
with ǫ > 0 is an interchain interaction. The number of electrons on the whole system
is fixed to Ne. We suppose that the values of the parameters in H and H are taken so
that each Hamiltonian is positive semi-definite and has the zero energy ground states (see
Proposition 2.1). Under the assumption that the system is in a magnetic field, one finds
that the two states
Φ′G,0 = a˜
†
L
(
ζ† + ζ†
)Np
Φ0, Φ
′
G,1 = a˜
†
L
(
ζ† + ζ†
)Np
Φ0 (70)
for odd Ne, and
Φ′G,0 =
(
ζ† + ζ†
)Np
Φ0, Φ
′
G,1 = a˜
†
La˜
†
L
(
ζ† + ζ†
)Np−1
Φ0 (71)
for even Ne are the only ground states of this system. In fact, H , H and Hǫ are positive
semi-definite, and Φ′G,0 and Φ
′
G,1 are the only zero energy states for these Hamiltonians.
It is expected that similar inequalities corresponding to (67) and (68) hold for the ground
state expectation values of the number operators nedge and nedge of the edge fermions on the
chains, although explicit analytical expressions are difficult to obtain.
We end this section with the remark that the fermion operator defined by aπ =
∑
x∈Λ(−1)x+1ax
plays an interesting role in manipulating the zero energy mode in the condensate. More pre-
cisely, aπ satisfies aπζ
† = ζ†aπ since
∑
x∈Λ(−1)x+1b† = 0 and {a˜†L, aπ} = {a˜†L, aL} = 1. There-
fore, we have the relations (
√
2η sin δ)−1aπΦG,1 = ΦG,0, a˜
†
LaπΦG,1 = ΦG,1 and a˜
†
LaπΦG,0 = 0
for the symmetry breaking ground states. Similar relations are also found for the elec-
tron number conserving system. Namely, we have a˜†LaπΦ
′
G,0 = Φ
′
G,0, a˜
†
LaπΦ
′
G,1 = Φ
′
G,1 and
a˜†LaπΦ
′
G,0 = a˜
†
LaπΦ
′
G,1 = 0 for odd Ne, and a˜
†
LaπΦ
′
G,1 = a˜
†
LaπΦ
′
G,1 = Φ
′
G,1 and a˜
†
LaπΦ
′
G,0 =
a˜†LaπΦ
′
G,0 = 0 for even Ne.
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7 Spin-Spin Interaction with Ising-like Anisotropy
In this section, we treat the case of the spin-spin interaction with an Ising-like anisotropy.
Let us define
(Sx · Sx+1)β = S(3)x S(3)x+1 + β(S(1)x S(1)x+1 + S(2)x S(2)x+1) (72)
where β is a non-negative parameter and denote by HJ,β,x the Hamiltonian obtained by
replacing Sx · Sx+1 with (Sx · Sx+1)β in HJ,x. Then we consider the Hamiltonian
Hβ =
∑
x∈Λ¯
Hβ,x, (73)
Hβ,x = Ht,x +HU,x +HV,x +HJ,β,x. (74)
Note that the bond-charge interaction HX,x is omitted in Hβ,x. ForHβ, we have the following
result:
Proposition 7.1 Suppose that both U > U0 + 2X0 and J > J0 + 4X0 are satisfied. We
furthermore suppose that µx is given by (21). Then, the ground state energy of Hβ with
J0
J
≤ β < 1− 4X0
J
(75)
is zero. For fixed Ne, the ground state is two-fold degenerate and is given by
ΦG =
{(
ζ†σ,σ
)Np
Φ0 for even Ne
a˜†L,σ
(
ζ†σ,σ
)Np
Φ0 for odd Ne
(76)
with σ =↑, ↓.
The outline of the proof is as follows. As in the isotropic spin-spin interaction case, we
rewrite Hβ,x as
Hβ,x = H0,x +HU ′′,x +HJ ′′,β′,x +HX0,x +HW,x, (77)
where HX0,x is given by
HX0,x = X0
∑
σ=↑,↓
{
c†x,σ + (−1)xc†x+1,σ
}
nx,−σ {cx,σ + (−1)xcx+1,σ}
+X0
∑
σ=↑,↓
{
c†x,σ − (−1)xc†x+1,σ
}
nx+1,−σ {cx,σ − (−1)xcx+1,σ} , (78)
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HU ′′,x is obtained by replacing U with U
′′ = U−U0−2X0 in HU,x, and HJ ′′,β′,x is obtained by
replacing J and β with J ′′ = J−J0−4X0 and β ′ = (Jβ−J0)/(J−J0−4X0), respectively, in
HJ,β,x. When U
′′ > 0, J ′′ > 0 and 0 ≤ β ′ < 1, all the terms in (77) are positive semi-definite
and ΦG in (76) is their zero energy state. The fact that there is no other zero energy state
follows from the application of the Perron-Frobenius theorem.
In the case of the isotropic spin-spin interaction, the bond-charge interaction whose
strength parameter is fixed must be included in the Hamiltonian to obtain the exact ground
states. On the other hand, the Hamiltonian with the anisotropic spin-spin interaction has
the exact ground states even if the bond-charge interaction is absent. Although the on-site
potentials still have to be adjusted to certain values, the model with the anisotropic spin-
spin interaction exhibits the spin-triplet electron pair condensation over the wide range of
parameters.
8 Conclusion
We have introduced the one-dimensional extended Hubbard model whose ground state si-
multaneously exhibits saturated ferromagnetism and spin-triplet electron pair condensation
under certain conditions. Recently, the extended Hubbard chain with charge-charge and
spin-spin interactions at low filling was studied by means of mean field and numerical meth-
ods in Ref. [20]. The results showed that the ground state is in the spin-triplet pairing phase
for strong ferromagnetic coupling, even if there are no fine-tuned bond-charge interactions
and on-site potentials which are necessary to get our exact results. These results together
with ours indicate that the model exhibits spin-triplet pairing over a wide range of param-
eters. We have constructed two ground states in which both of the spin-rotation symmetry
and the gauge symmetry are broken. It has been shown that these ground states are trans-
ferred from one to the other by applying the edge operators. The edge operators become
the Majorana fermions in a certain case, and, in this sense, the Majorana state is formed on
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the edges of a chain in our model. We have introduced the mean field Hamiltonian with the
pairing field which stabilizes the gauge symmetry breaking ground states. Here we remark
that the spin-triplet pair condensation found in the ground state of H is unstable against
the thermal fluctuation since H is constituted of short-range interactions and is defined on
a chain. However we can expect that the spin-triplet pair condensate survives at non-zero
temperatures in the strong pairing field. The mean field Hamiltonian has been shown to
be regarded as the Kitaev chain with the nearest neighbour charge-charge interaction. It
is noted that a similar spinless fermion model has been studied by Katsura, Schuricht, and
Takahashi recently [21]. Our extended Hubbard model together with the mean field is an
extension of the Kitaev chain to the spinful electron model. We have also estimated the
expectation values of the edge fermion number operator for the ground states with fixed
even and odd numbers of electrons, and found that there is the difference between them.
Furthermore, we have proposed the model on the two chains in the electron number con-
serving setting and have shown that the model has the two-fold degenerate ground states
which are characterized by the zero modes on the chains.
To conclude, it is interesting to note that Nadj-Perge et al. reported the observation of
Majorana fermions in a chain of Fe atoms, which intrinsically have ferromagnetic nature,
on a superconducting Pb substrate [13, 14]. It is also noted that the recent developments
in the field of cold atoms open a route to the experimental realization of one-dimensional
interacting fermion systems [22]. We hope that our results stimulate these fields.
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Appendix A c operator representation of ΦG
Here we express ΦG in terms of the c operators. For the notational simplicity, we omit the
spin indexes of the fermion operators.
From (15) and (14), one obtains
ζ† = − sin δ
(∑
x∈Λ¯
a˜†xa˜
†
x+1 + a˜
†
1a˜
†
L
)
. (A.1)
Substituting (12) into the right hand side of (A.1), we have
ζ† = − 4
sin δ
∑
x,y∈Λ,x<y
(wxwyc
†
xc
†
y). (A.2)
Then, taking into account the sign factor arising from the exchange of fermion operators, we
have
(ζ†)NpΦ0 =
(
− 4
sin δ
)Np
(Np!)

 ∑
A⊂Λ;|A|=2Np
∏
x∈A
(wxc
†
x)

Φ0 (A.3)
and
a˜†L(ζ
†)NpΦ0 =
1
sin δ
(
− 4
sin δ
)Np
(Np!)

 ∑
A⊂Λ;|A|=2Np+1
∏
x∈A
(wxc
†
x)

Φ0 (A.4)
where Np! = Np(Np − 1) · · ·2 · 1, and |A| denotes the number of elements in a set A.
Appendix B Proof of the inequality (65)
Let us prove the inequality (65). Firstly we rewrite the left hand side as∑
A⊂Λ;|A|=Ne
WA =
1
Ne
∑
x∈Λ
w2x
∑
A⊂Λ;|A|=Ne−1
χ[x /∈ A] WA. (B.1)
Then, by using wL = sin(δ/2) ≤ wx ≤ cos(δ/2) (recall that 0 < δ ≤ π/2), we obtain∑
A⊂Λ;|A|=Ne
WA ≤ 1
Ne
cos2
(
δ
2
)∑
x∈Λ
∑
A⊂Λ;|A|=Ne−1
χ[x /∈ A] WA
≤ L
Ne
cos2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−1
χ[L /∈ A] WA. (B.2)
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Here, note that χ[L /∈ A] = χ[1, L /∈ A] + χ[1 ∈ A,L /∈ A]. Since the sum related to
χ[1 ∈ A,L /∈ A] is bounded as
∑
A⊂Λ;|A|=Ne−1
χ[1 ∈ A,L /∈ A] WA
= sin2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−2
χ[1, L /∈ A] WA
= sin2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−2
χ[1, L /∈ A] WA
∑
x∈Λ
w2x
w2x(L−Ne)
χ[x /∈ A ∪ {1, L}]
≤ 1
L−Ne
∑
A⊂Λ;|A|=Ne−2
∑
x∈Λ
χ[1, L /∈ A]χ[x /∈ A ∪ {1, L}] WAw2x
=
Ne − 1
L−Ne
∑
A⊂Λ;|A|=Ne−1
χ[1, L /∈ A]WA, (B.3)
we conclude that
∑
A⊂Λ;|A|=Ne
WA ≤ L
Ne
(
1 +
Ne − 1
L−Ne
)
cos2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−1
χ[1, L /∈ A] WA
=
L
Ne
(
L− 1
L−Ne
)
cos2
(
δ
2
) ∑
A⊂Λ;|A|=Ne−1
χ[1, L /∈ A] WA. (B.4)
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